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INSTRUCTIONS:  Answer  any  THREE  Questions 

 

Q.1  a)  i)  Define the generating function A(s) of a sequence {ak} (2 marks) 
 

ii)  Let X have the binomial distribution with parameters n and p thats 
is 

 p𝑘 = (𝑛
𝑘

)𝑝𝑘(1 − 𝑝)𝑛−𝑘  𝑘 = 0,1,2, … . . , 𝑛 

Obtain the probability generating function of X and hence obtain the 
mean and variance of X      (6 marks) 
 

b)  Let un=p(sn=so) be the probability that a simple random walk revisits its 
starting point at time n. Show that un=0, if n is odd, and 

𝑢𝑛 = (2𝑚
𝑚

)𝑝𝑘𝑞𝑚if n=2m is even(𝑝 is the probability of a rightward step  

and 𝑞 is the probability of a leftwardstep)    (6marks) 
 

c) Consider two players playing a certain game. Player 1 has𝑧 amount and 

player 2 has 𝑎 − 𝑧 amount so that the total amount used in the game is 
“𝑎”. After each game,  a player either wins with probability 𝑝 or loses with 
probability 𝑞 . For player1, in the first trial if he wins then he has 𝑧 + 1 and 

if  he loses he has 𝑧 − 1.Obtain the probability 𝑞𝑧  that he will eventually 

lose all his money. Assume 𝑝 ≠ 𝑞, 𝑝 + 𝑞 = 1.   (9 marks) 
 

Q.2 a) Let 𝑋 be random variable with geometric distribution {𝑝𝐾}, where  

  p𝑘 = 𝑃𝑟𝑜𝑏{𝑋 = 𝑘} = 𝑞𝑘𝑝, 𝑘 = 0,1,2, … . .   0 < 𝑞 < 1 
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  Obtain: 

i) The p.g.f of 𝑋 
ii) The expected value of 𝑋, 𝐸(𝑋) 
iii) The variance of 𝑋, 𝑣𝑎𝑟(𝑋)     (8 marks) 

 
b) The random variable X has logarithmic series distribution if  

  p𝑘 = 𝑃𝑟𝑜𝑏{𝑋 = 𝑘} =
𝑎𝑞𝑘

𝑘
, 𝑘 = 1,2, … . α =

−1

𝑙𝑜𝑔 𝑝
 

  0 < 𝑞 = 1 − 𝑝 < 1. 
  Show that the p.g.f. of X can be expressed as 

  𝑃(𝑠) =
log (1−𝑠𝑞)

log (1−𝑞)
. Hence or otherwise obtain𝐸(𝑋)and𝑉𝑎𝑟(𝑋). 

           (9 marks) 
 
 c)  Let X be a random variable assuming values 0,1,2,….   And let  
  𝑃(𝑋 = 𝑗) = 𝑝𝑗,and (𝑋 > 𝑗) = 𝑞𝑗, j=0,1,2,….. If  𝑃(𝑠) is the generating  

  function of {𝑝𝑗} show that 𝑄(𝑠) =
1−𝑃(𝑠)

1−𝑠
, −1 < 𝑠 < 1  (6marks) 

 
Q3.  a) i) Explain clearly what is meant by a branching process. 
  ii) Give two examples of a branching process.  (5 marks) 
 

 b) In a branching process , the 𝑛𝑡ℎ generation of size 𝑍𝑛 depends on the 
  (𝑛 − 1)𝑡ℎ generation of size 𝑍𝑛−1. The probability generation function of 

  {𝑍𝑛 } is given as 𝜙𝑛(𝑠) = 𝜙𝑛−1(𝜙(𝑠)) 
 
  i) Show that 𝜙𝑛(𝑠) = 𝜙(𝜙𝑛−1(𝑠)) 

  ii)  Find an expression of 𝜙𝑛
′(𝑠) and 𝜙𝑛

′′(𝑠)   (6 marks) 
 
 c) Assuming that 𝑍0=1 and postulating that 𝐸(𝑍1) = 𝑚 and 

𝑣𝑎𝑟(𝑍1) = 𝐸(𝑍1
2) − [𝐸(𝑍1)]2 = 𝜎2, where 𝑚 and 𝜎2 exist and are finite, 

 show that : 
i) 𝐸(𝑍𝑛) = 𝑚𝑛 

ii)  𝑣𝑎𝑟(𝑍𝑛) =  𝜎2𝑚𝑛−1 𝑚𝑛−1

𝑚−1
 if 𝑚 ≠ 1 and 𝑣𝑎𝑟(𝑍𝑛) = 𝑛𝜎2 if 𝑚 = 1 

(9 marks) 
 

 d) If the family-size distribution of a branching process has mass function  

 p𝑘 = 𝑝𝑞𝑘, 𝑘 = 0,1,2, … . .   0 < 𝑝 = 1 − 𝑞 < 1, show that  the probability that 

the process becomes extinct ultimately is
𝑝

𝑞
if  𝑝 ≤

1

2
.  (4 marks) 

       
Q.4   a)  Define each of the following examples of a stochastic process 

i)  A symmetric simple random walk 
ii)  A compound poisson process 
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iii)  For each of the process in (i) and (ii), classify it as stochastic 
process according to its state space and the time that it operates 
on.        (4 marks) 

 
b) Consider the stochastic matrix 

  𝑃 = [
0 1
1

2

1

2

] .Obtain 𝑃𝑛.      (14 marks) 

 

 c) A random variable Y has a pgf  𝐺𝑌(𝑠) =
3+𝑠

6−2𝑠
 , determine: 

i) The mean         (2 marks) 
ii) The variance        (3 marks) 
 

Q5. a) Let 𝜙(𝑡) be the characteristic function of a random variable 𝑋. Show that if 
  𝜙(𝑡) is real it satisfies the inequality 1 − 𝜙(2𝑡) ≤ 4[1 − 𝜙(𝑡)]. (6 marks) 
 

 b) Let 𝑋 be a symmetric random walk, that is , 𝑋 and – 𝑋 have the same  

  characteristic function. Show that 𝐸(sin 𝑡 𝑋) = 0.  (6 marks) 
 
 c) i) State the inversion theorem for characteristic functions. 
  ii) Find the probability density for which the characteristic function is  

   𝜙(𝑡) = {
1 − |𝑡| 𝑓𝑜𝑟|𝑡|  ≤ 1 

0         𝑓𝑜𝑟 |𝑡| > 1
     (11 marks) 

 

 

 

 

*END* 


